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We introduce the notion of a general ﬁxed point iteration scheme to unify various ﬁxed
point iterations in the literatures, and extend the concept of virtual stability of a selfmap
to an iteration scheme to obtain a connection, through an explicit retraction, between
the convergence set of the scheme and its ﬁxed point set. Moreover, we illustrate how
to apply our results to obtain a new criterion for contractibility of the ﬁxed point set of
a certain quasi-nonexpansive selfmap.
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1. Introduction
Structures of ﬁxed point sets have been explored to some degree in the literatures. For example, it is generally known
that the ﬁxed point set of a quasi-nonexpansive selfmap on a convex subset of a strictly convex Banach space is always con-
vex, and this fact is later extended to a CAT(0) space in [5]. From the topological point of view, we observe that both results
mentioned above immediately imply the contractibility of the ﬁxed point set while it is also not diﬃcult to ﬁnd a quasi-
nonexpansive selfmap whose ﬁxed point set is not contractible (not even connected, see Example 3.8). Therefore, it is quite
natural to seek for a suitable condition (especially, in a non-strictly convex Banach space) that guarantees the contractibility
of the ﬁxed point set of a quasi-nonexpansive selfmap.
Rather than searching for a condition that allows us to prove the contractibility of the ﬁxed point set directly, there
is an indirect, yet subtle, approach to attack this problem. In [2], it was shown that there is a mysterious retraction from
the domain of a certain nonexpansive selfmap onto its ﬁxed point set, and such a result was extended to an asymptotically
nonexpansive selfmap later in [1]. We observe that those results implicitly imply the contractibility of the ﬁxed point set as
well since the domain of the map is assumed to be convex. Motivated by the above idea, the ﬁrst author recently introduced
the concept of virtual nonexpansiveness in [3] (later, virtual stability in [4]) of a continuous selfmap to obtain an explicit
retraction onto the ﬁxed point set and allow us to connect topological structures (especially, contractibility) of the ﬁxed
point set from those of the convergence set of the Picard iteration. Although many sophisticated iterative processes were
invented during the past few decades (see [8]) to extend the classical Picard iteration and their (strong/weak) convergence
results were proved in various settings, no explicit connection between the convergence of those iterations and their ﬁxed
point sets is ever discussed. Therefore, the main purpose of this work is to develop an approach that allows us to derive
topological structures of the ﬁxed point set from the convergence of a ﬁxed point iteration, and use it to obtain a new
contractibility criterion for the ﬁxed point set of a certain quasi-nonexpansive selfmap in a general Banach space.
This paper is organized as follows: In Section 2, we ﬁrst introduce the notion of a general ﬁxed point iteration scheme
and extend the original concept of virtual stability of a continuous selfmap to a scheme to obtain a connection, through
an explicit retraction, between the convergence set of a scheme and its ﬁxed point set. Then, in Section 3, we illustrate
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274 P. Chaoha, P. Chanthorn / J. Math. Anal. Appl. 386 (2012) 273–277how to combine the results from Section 2 with known convergence results in ﬁxed point iterations to obtain a new
contractibility criterion for the ﬁxed point set. In particular, together with the results in [7], we are able to show that the
ﬁxed point set of a certain Suzuki generalized nonexpansive selfmap (which is quasi-nonexpansive) in a general Banach
space is always contractible.
2. Fixed point iteration schemes and virtual stability
For a Hausdorff space X and a selfmap f : X → X (which may not be continuous), we will denote the ﬁxed point set of
f by F ( f ). Also, for a sequence S = (sn) of selfmaps on X , we deﬁne the ﬁxed point set and the convergence set of S to be
F (S) =⋂ f ∈S F ( f ) and C(S) = {x ∈ X: (sn(x)) converges}, respectively. Hence, we obtain a natural map r : C(S) → X given
by
r(x) = lim
n→∞ sn(x),
for all x ∈ C(S). Notice that r may not be continuous and we always have F (S) ⊆ r(C(S)).
Throughout this paper, we will denote the composition fn ◦ fn−1 ◦ · · · ◦ f j simply by ∏ni= j f i = fn fn−1 . . . f j . In particular,∏n
i=1 f is simply the n-th iterate f n of f .
Deﬁnition 2.1. Let ( fn) be sequence of selfmaps on X , and S = (sn) a sequence where sn =∏ni=1 f i , for all n ∈ N. We will
call the sequence S a ﬁxed point iteration scheme, or simply a scheme, on X if ∅ 	= F (S) = r(C(S)). Moreover, a scheme
S = (sn) is said to have a continuous subsequence if there is a subsequence (scn ) of S consisting of continuous maps.
Therefore, in order that S = (sn) = (∏ni=1 f i) to be a scheme, we must have both F (S) 	= ∅ and for each x ∈ C(S),
r(x) = lim
n→∞ sn(x) = limn→∞
n∏
i=1
f i(x) ∈ F (S).
Moreover, a scheme S = (sn) = (∏ni=1 f i) will clearly have a continuous subsequence if one of the following conditions hold:
• fn is continuous for all n ∈ N.
• sn = f n for all n ∈ N, and f N is continuous for some N ∈ N.
Example 2.2. For a continuous selfmap f : X → X with F ( f ) 	= ∅, we always have limn→∞ f n(x) ∈ F ( f ) for any x ∈ C( f ),
and hence a scheme S = (∏ni=1 f ) = ( f n) which is generally known as the Picard iteration scheme for f . Notice also that S
has a continuous subsequence, F (S) = F ( f ) and C(S) = C( f ).
Deﬁnition 2.3. Let S = (∏ni=1 f i) be a scheme. A ﬁxed point p ∈ F (S) will be called virtually stable if for each neighborhood
U of p, there exist a neighborhood V of p and an increasing sequence (kn) of positive integers such that
∏kn
i= j f i(V ) ⊆ U
for all n ∈ N and j  kn . We simply call the scheme S virtually stable if every common ﬁxed point of S is virtually stable.
Moreover, a ﬁxed point p ∈ F (S) will be called uniformly virtually stable with respect to an increasing sequence (kn) of
positive integers if for each neighborhood U of p, there exists a neighborhood V of p such that
∏kn
i= j f i(V ) ⊆ U for all
n ∈ N and j  kn . When every ﬁxed point of S is uniformly virtually stable with respect to the same sequence, we will
simply call the scheme S uniformly virtually stable.
Example 2.4. From [3] and [4], it follows that the Picard iteration scheme for f is virtually stable if f is a virtually non-
expansive selfmap (on a metric space), or a uniformly virtually stable selfmap (on a Hausdorff space) with respect to the
sequence of all natural numbers.
The next theorem connects the convergence set of a virtually stable scheme to its ﬁxed point set.
Theorem 2.5. If X is a regular space and S = (sn) = (∏ni=1 f i) is a virtually stable scheme having a continuous subsequence, then the
map r : C(S) → F (S) deﬁned above is continuous and hence F (S) is a retract of C(S).
Proof. Suppose (scn ) is a subsequence of (sn) consisting of continuous maps. Let x ∈ C(S) and U be a neighborhood of
r(x) in F (S). By regularity of X , there is a neighborhood W of r(x) in X such that W ∩ F (S) ⊆ W ∩ F (S) ⊆ U . Now, by
virtual stability of S , there exist a neighborhood V of r(x) in X and an increasing sequence (kn) of positive integers such
that
∏kn
i= j f i(V ) ⊆ W for all n ∈ N and j  kn . Since V is a neighborhood of r(x), there is N ∈ N such that
∏n
i=1 f i(x) ∈ V
for all n N . In particular, we have
∏cN f i(x) ∈ V . Since scN =∏cN f i is continuous, then A = (∏cN f i)−1(V ) ∩ C(S) is ai=1 i=1 i=1
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r(a) = lim
n→∞
n∏
i=1
f i(a) = lim
n→∞
kn∏
i=cN+1
f i
(
cN∏
i=1
f i(a)
)
∈ W ∩ F (S) ⊆ U .
Therefore, r is continuous and F (S) is a retract of C(S). 
Corollary 2.6. If X is a regular space and f : X → X is a selfmap satisfying the following conditions:
(1) limn→∞ f n(x) ∈ F ( f ) 	= ∅ for all x ∈ C( f ),
(2) for each p ∈ F ( f ) and each neighborhood U of p, there is a neighborhood V of p such that f n(V ) ⊆ U for all n ∈ N,
(3) f N is continuous for some N ∈ N,
then F ( f ) is a retract of C( f ).
Proof. By letting f i = f and S = (∏ni=1 f i), we clearly have F (S) = F ( f ) and C(S) = C( f ). The ﬁrst condition certainly
guarantees that S is a (Picard) scheme. Together with the second condition, S becomes a virtually stable scheme. Finally,
the last condition ensures that S has a continuous subsequence. The result then follows from the previous theorem. 
3. Fixed point sets of Suzuki generalized nonexpansive maps
Let X denote a nonempty closed convex subset of a Banach space E , and let T : X → X be a selfmap on X . Recall that T
is called a a Suzuki generalized nonexpansive map if for all (x, y) ∈ X × X ,
1
2
∥∥x− T (x)∥∥ ‖x− y‖ ⇒ ∥∥T (x) − T (y)∥∥ ‖x− y‖.
Notice that a Suzuki generalized nonexpansive selfmap may not be continuous. Every nonexpansive selfmap is Suzuki
generalized nonexpansive, and every Suzuki generalized nonexpansive selfmap is always quasi-nonexpansive. Moreover,
if T : X → X is a Suzuki generalized nonexpansive selfmap, we know that F (T ) is nonempty whenever X is compact
(Theorem 4 [7]), and convex whenever E is strictly convex (Lemma 4 [7]). The simplest example showing that the ﬁxed
point set of a Suzuki generalized nonexpansive selfmap may not be convex in general (even when X is compact) is given
below.
Example 3.1. Consider the compact convex subset X = [−1,1] × [0,1] of R2 with the maximum norm ‖(x, y)‖ =
max{|x|, |y|}. Let T : X → X be deﬁned by
T (x, y) = (x, |x|); (x, y) ∈ X .
Clearly, T is nonexpansive and hence Suzuki generalized nonexpansive. However, F (T ) = {(x, |x|): x ∈ [−1,1]} is not convex.
Recall that a (topological) space A is contractible if the identity map of A is homotopic to a constant map; i.e., there exist
a0 ∈ A and a continuous map (called a homotopy) H : A × [0,1] → A satisfying H(a,0) = a and H(a,1) = a0 for all a ∈ A.
It can be shown that a star-convex subset of a topological vector space and a retract of a contractible space are always
contractible. In particular, the ﬁxed point set in the above example is contractible since it is star-convex with respect to
(0,0). Therefore, the aim of this section is to illustrate how to combine the results in the previous section and [7] to obtain
a contractibility criterion for the ﬁxed point set of a certain Suzuki generalized nonexpansive selfmap in a general Banach
space. First, we discuss some well-known ﬁxed point iteration schemes.
Deﬁnition 3.2. For sequences (αn) and (βn) in [0,1], if S = (∏ni=1 f i) is a scheme satisfying:
f i = (1− αi)I + αi T
(
(1− βi)I + βi T
)
for each i ∈ N, where I denotes the identity map, we will call S the Ishikawa iteration scheme (see [8]) for T associated to
sequences (αn) and (βn). In particular, when (βn) = (0), we will call S the Mann iteration scheme (see [8]) for T associated
to a sequence (αn). The Mann iteration scheme associated to a constant sequence is usually called the Krasnoselskij iteration
scheme (see [8]).
Remark 3.3. If S is a Mann iteration scheme for T associated to a sequence (αn) such that α1 /∈ {0,1}, we always have
F (S) = F (T ). Moreover, the above deﬁnition does not guarantee the existence of an Ishikawa iteration scheme since S has
to satisfy ∅ 	= F (S) = r(C(S)) in order to be a scheme at the ﬁrst place. However, in a suitable setting, such a scheme does
exist; for example,
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• when T is continuous with F (T ) 	= ∅ and (αn) ⊆ [0,1) is a sequence satisfying ∑∞n=1 αn = ∞ (see Theorems 4.1 and 4.2
in [8]).
Lemma 3.4. If T is quasi-nonexpansive and S is the Ishikawa iteration scheme for T associated to sequences (αn) and (βn) such that
F (S) ⊆ F (T ), then S is uniformly virtually stable. In particular, the Mann iteration scheme, the Krasnoselskij iteration scheme and the
Picard iteration scheme for T are all uniformly virtually stable.
Proof. First notice that, for each (x, p, i) ∈ X × F (T ) ×N, we have∥∥ f i(x) − p∥∥= ∥∥(1− αi)x+ αi T ((1− βi)x+ βi T (x))− p∥∥
 (1− αi)‖x− p‖ + αi
∥∥T ((1− βi)x+ βi T (x))− p∥∥
 (1− αi)‖x− p‖ + αi
∥∥(1− βi)x+ βi T (x) − p∥∥
 (1− αi)‖x− p‖ + αi(1− βi)‖x− p‖ + αiβi
∥∥T (x) − p∥∥
 (1− αi)‖x− p‖ + αi(1− βi)‖x− p‖ + αiβi‖x− p‖
 (1− αi)‖x− p‖ + αi‖x− p‖
 ‖x− p‖.
Hence, for each p ∈ F (T ), n ∈ N and j  n, we have∥∥∥∥∥
n∏
i= j
f i(x) − p
∥∥∥∥∥
∥∥∥∥∥
n−1∏
i= j
f i(x) − p
∥∥∥∥∥ · · · ‖x− p‖,
for all x ∈ X . It follows that ∏ni= j f i(B(p, r)) ⊆ B(p, r) for any n ∈ N, j  n, p ∈ F (S) ⊆ F (T ) and r > 0. Therefore, S is
uniformly virtually stable with respect to the sequence of all natural numbers. 
Lemma 3.5. Suppose X is compact and T is Suzuki generalized nonexpansive. For each λ ∈ [ 12 ,1), the Krasnoselskij iteration schemeS for T associated to (λ) always exists and is uniformly virtually stable.
Proof. First, note that F (T ) 	= ∅. Let λ ∈ [ 12 ,1) and consider S = (
∏n
i=1 f i) deﬁned by
f i = (1− λ)I + λT ,
for all i ∈ N. Then for each x ∈ C(S) and z = limn→∞∏ni=1 f i(x), we have, by Lemma 6 [7],
lim
n→∞
∥∥∥∥∥T
(
n∏
i=1
f i(x)
)
−
n∏
i=1
f i(x)
∥∥∥∥∥= 0.
Also by Lemma 7 [7], we have∥∥∥∥∥
n∏
i=1
f i(x) − T (z)
∥∥∥∥∥ 3
∥∥∥∥∥T
(
n∏
i=1
f i(x)
)
−
n∏
i=1
f i(x)
∥∥∥∥∥+
∥∥∥∥∥
n∏
i=1
f i(x) − z
∥∥∥∥∥.
It follows that limn→∞
∏n
i=1 f i(x) = T (z) and hence T (z) = z ∈ F (T ) ⊆ F (S). Therefore, S is the Krasnoselskij iteration
scheme for T associated to (λ). Finally, since 0 	= λ 	= 1, we have F (T ) = F (S) by Remark 3.3, and hence S is uniformly
virtually stable by Lemma 3.4. 
Theorem3.6. If X is compact convex and T is a Suzuki generalized nonexpansive selfmap on X such that [(1−λ)I+λT ]N is continuous
for some λ ∈ [ 12 ,1) and some N ∈ N, then F (T ) is a retract of X , and hence contractible.
Proof. Let λ ∈ [ 12 ,1) and N ∈ N be such that [(1−λ)I+λT ]N is continuous. Then the Krasnoselskij iteration scheme S = (sn)
for T associated to (αn) exists and is virtually stable by Lemma 3.5. Moreover, S clearly has a continuous subsequence since
snN = [(1 − λ)I + λT ]nN is continuous for all n ∈ N. By Theorem 2 [7], we have C(S) = X and hence the result follows
immediately from Theorem 2.5. 
Corollary 3.7. If X is compact convex and T is a continuous Suzuki generalized nonexpansive selfmap on X, then F (T ) is a retract of X ,
and hence contractible.
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pansive selfmap T : c0 → c0 as deﬁned Example 3.7 [6] by
T (x1, x2, . . .) =
(
x1,1− |x1|, x2, . . .
); (x1, x2, . . .) ∈ c0
is disconnected and hence not contractible. Hence, the compactness of X in the previous theorem and corollary cannot be
dropped.
As a ﬁnal remark, we observe that Theorem 3.6 relies very much on the convergence result of the iteration scheme. Since
we only intend to illustrate how to apply our results in the previous section to obtain a contractibility criterion for the ﬁxed
point set, we encourage an interested reader to develop a better criterion by using a more appropriate convergence result
in the literatures to capture various other situations. For example, the ﬁxed point set of a Suzuki generalized nonexpansive
selfmap T : X → X can still be contractible when X is not compact (consider the nonexpansive selfmap in Example 3.1
extended to R2), or when [(1− λ)I + λT ]N is not continuous for any N ∈ N (see the following example).
Example 3.9. Consider the compact convex subset X = [−1,1] × [0,1] of R2 with the maximum norm ‖(x, y)‖ =
max{|x|, |y|}. Let T : X → X be deﬁned by
T (x, y) =
{
(x, |x|); (x, y) 	= (0,1),
(0, 13 ); (x, y) = (0,1).
Clearly, T is not continuous (hence not nonexpansive) and so is [(1 − λ)I + λT ]N for any λ ∈ [ 12 ,1) and N ∈ N. However,
F (T ) = {(x, |x|): x ∈ [−1,1]} is not convex, but contractible. To see that T is a Suzuki generalized nonexpansive map, we
notice that T is nonexpansive on X − {(0,1)}, and for each (x, y) 	= (0,1):
Case |x| 13 : we clearly have∥∥T (x, y) − T (0,1)∥∥= max{|x|, |x| − 1
3
}
= |x|max{|x|,1− y}= ∥∥(x, y) − (0,1)∥∥.
Case 16  |x| < 13 : we have 0< 13 − |x| |x| and hence∥∥T (x, y) − T (0,1)∥∥= max{|x|, 1
3
− |x|
}
= |x|max{|x|,1− y}= ∥∥(x, y) − (0,1)∥∥.
Case |x| < 16 : we have |x| < 13 − |x| and hence ‖T (x, y) − T (0,1)‖ = 13 − |x|. So, if ‖T (x, y) − T (0,1)‖ > ‖(x, y) − (0,1)‖, we
must have the inequalities
1− y  ∥∥(x, y) − (0,1)∥∥< 1
3
− |x| 1
3
which certainly make both conditions
1
3
= 1
2
∥∥T (0,1) − (0,1)∥∥ ∥∥(x, y) − (0,1)∥∥
and (since 1− y < 13 − |x| implies 13 < y−|x|2 )
y − |x|
2
= 1
2
∥∥T (x, y) − (x, y)∥∥ ∥∥(x, y) − (0,1)∥∥
invalid.
Therefore, T is a Suzuki generalized nonexpansive selfmap.
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